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ABSTRACT. If {X,,t > 0} is a real strong Markov process whose paths
assume a (last) minimum at some time M strictly before the lifetime, then
conditional on I, the value of this minimum, the process (X (M + ),1 > 0}
is shown to be Markov with stationary transitions which depend on 1. For a
wide class of Markov processes, including those obtained from Lévy
processes via time change and multiplicative functional, a zero-one law is
shown to hold at M in the sense that N540{X(M + 3),s < &} = o{X(M)},
modulo null sets. When such a law holds, the evolution of {X(M + #),¢ > 0}
depends on eveats before M only through X(M) and I.

1. Introduction. Let X = {X,,# > 0} be a real valued, right continuous
strong Markov process. Let R be a random time, such as the time point on the
interval [0, T'] at which the paths ¢ — X,(w) achieve the minimum, or such as
the last time before T that the process leaves a given set. Let ), be the sigma
field generated by the random variables {X(R + s5),s < ¢} and let R,
= MN;>o®,. The main results of this paper give the precise conditions, for
various R and X, under which the sigma fields &, and 6{X(R)} are the same,
modulo null sets. When such a phenomenon takes place, then conditional on
X(R), the sets in &, have probability zero or one; for this reason, such results
will be called zero-one laws at R. Most of the zero-one laws in this paper are
established as a consequence of an even stronger assertion: if & is the sigma
field generated by {X(R + u) — X(R),u < s}, and Ry, = N,5%;, then Ky,
is trivial.

When R happens to be a stopping time, such zero-one laws were first proved
by Hunt [8] for processes with stationary independent increments; Blumenthal
[2] extended Hunt's result to more general Markov processes (under appropri-
ate hypotheses) where it now goes under the name “Blumenthal zero-one law.”
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While the Blumenthal zero-one law holds quite generally, zero-one laws at,
say, last exit times fail miserably a good deal of the time, even for otherwise
well-behaved processes—see the ex: mples below. The need for zero-one laws at
times R different from stopping ui1. ies first arose in [16] where the problem was
to evaluate liminf, o [X(R + #) = (R)]/f(r) for a sure function f, where R was
a particular last exit time; if %, were known ¢5 be trivial, then this lim inf
would be constant with probabili*/ 1. The Blumenthal zero-one law is one of
the key tools in general Markov theory with a number of well-known uses; the
zero-one laws discussed here have similar applications. In particular, when a
zero-one law holds at R, it is often possible to decompose the given Markov
process into two parts-a part before R and a pari after R-which are
conditionally independent given A'(R). Structure theorems of this type often
give a good deal of insight into the functioning of the process.

Turning to a more specific des.ription of the contents of the paper, suppose
that X is a real stochastic process with stationary independent increments. Let
R be a random time and M the time point on [0, R) at which the process
assumes a minimum; assume P{M < R} > 0. Then (Theorem 3.1) condition-
al on {M < R}, the sigma field My, is trivial. Thus, unlike the case of last exit
from a set, a zero-one law always holds at M. The existence of such a law at
the minimum is closely connected with the fact that the sample function
behavior at the time of the mini.num is “pure”: either all the paths of the
process are continuous at M; or ¢lse all jump into the minimum and leave
continuously (i.e. X(M —) > X (M) with probability 1); or else all enter the
minimum continuously but jump out (X(M -) < X(M) with probability 1).
In brief, these processes leave the minimum in only one “way”. The precise
criteria for which processes exhibit which behavior are given in §3.

Suppose next that X is a right continuous strong Markov process which
attains its minimum strictly before its lifetime. Then, with no other hypotheses,
it turns out that, conditional J, the value of the minimum, the post-minimum
process {X(M + 1), > 0} is a Markov process with stationary transition
functions which depend on I. A bit more precisely, if F(M + s) is an
appropriate sigma field associated with the random time M + s, then for
bounded Borel f,

E(f(X(M + 0)I5M +3)} = H_(LXM +3)f), 0<s<t,

where H,(a; x, dy) is, for each 4, a transition semigroup closely connected with
that of X; see Proposition 4.1. If, in addition, a zero-one law holds at M, this
can be strengthened to assert that the post-M process depends on the events
before M only through (I, X(M)) (in general both of these variables are
involved); see Proposition 4.2 for the precise statement. It then follows from
results discussed in the previous paragraph (and in more detail in §3) that any
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strong Markov process whose paths agree with those of a Lévy process up to
a random time R (such as processes obtained from Lévy processes via
multiplicative and additive functionals) possess this very strong decomposition
at M. It is also not difficult to show that any right continuous, left limit strong
Markov process with no upward jumps (P{X, < X,_ all £} = 1) has a zero-one
law at M, and so such a decomposition holds for these processes as well. This
last result contains the decompositions obtained, by different methods, for
certain regular diffusions by Jacobsen [11] and Williams [22].

It turns out that if L is the last time that a strong Markov process leaves the
interval (— 0, a], then the post-L process {X (L + ?),¢ > 0} is Markov with the
same transitions as the post-minimum process (given that the value of the
minimum is a). The transitions have the intuitive interpretation as those of the
original process “conditioned to remain above a,” a notion that is m:de
" precise by the usual Doob hA-transform. Roughly speaking, the similarity
between the two processes is due to the fact that M can be viewed as the last
exit from a random interval. This similarity notwithstanding, a zero-one law
often fails at L. This phenomenon is due to the fact that at last exit-unlike the
minimum-the sample function behavior often is not “pure”: there are Lévy
processes such that some of the paths leave (—o0,4a] at L continuously, and
some of the paths leave by jumping out. See Proposition 5.1 for the precise
criteria for this behavior. Thus, unlike paths at a minimum, the paths at a last
exit can leave in more than one “way”, and under such circumstances a zero-
one law fails. It turns out that this is the worst that can happen-either all paths
leave (—o0,a] continuously, or else all leave by jumping, or else both
possibilities occur. In the first two cases a zero-one law holds; in the latter it
fails. Even in the exceptional case, things are still rather nice: conditional on
the mode of leaving (—o0,a], a zero-one law will still hold!

To see that continuity is not an essential ingredient making for the existence
of zero-one laws consider the following example. Let {X(¢),7 > 0} be Brown-
jan motion, started at 0, and killed on leaving (-1, 1); let K, be the last time
that X was zero. Evidently a zero-one law fails at K|, since half of the paths
from K, go to 1 and half of the paths to —1. However, if the Brownian motion
were killed on leaving (—o0, 1) and K| is the time of the last zero, then a zero-
one law holds at K, Thus exit from a point introduces a further complication
not present in the case of the minimum nor in the case of last exit from a half-
line—the existence of a zero-one law at K|, will depend on the nature of the
random time before which K|, is the last 0! Intuitively Brownian motion killed
on leaving (—1,1) can exit from 0 (for the last time) in two “ways”, but
Brownian motion killed at {1} can exit from 0 in only one “way”. While the
use of minima is a key tool in the study of the last exit from (o0, a], study of
the last exit from (say) a point involves a different approach and so will be
discussed elsewhere. However, once one has seen the possibility of leaving a
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set for the last time continuously but in “moie than one way” the fact that
Lévy and other Markov processes leave the minimum ‘in only one way”
appears quite a bit more remarkable than at first sight.

§2 of this paper contains a description of basic notations together with a
summary of prerequisite facts concerning the local minima of a process with
independent increments. §§3 and 4 are devoted to the existence of zero-one
laws at local minima and to the basic decompositions into pre- and post-
minimum processes respectively. In §5 local zero-one laws are proved at last
exit times from an interval. The proofs of the results in §5 are, to a certain
extent, more complicated variants of the methods of §3; accordingly the
exposition of §5 is more brief

ACKNOWLEDGMENT. It is a p sasurc to thank J. W. Pitman for several
stimulating conversations on the subject matter 7 this paper, and for making
available to me, long before publication, the pazers of Jacobsen and Williams.

2. Preliminaries. The basic process throughout §§3 and 5 is a real valued
process X = {X(r),# > 0} with stationary independent increments. A familiar
fact is that

.1 EexpliuX (1)} = exp{ty(u)}

where Y(u) = iau — (6°/2)u* + £ [¢™ — 1 — iux/(1 + x*)]/(dx). The mea-
sure v is called the Lévy measure, and v is called the exponent. If o> > 0, X is
said to have a Gaussian component. In those cases where o =0, the
assumption throughout is that »{(—oc0, 00)} = 0, since the problems of this
paper are relatively easily solved by other methods in the compound Poisson
case. Assume further, as is custom.ary, that a version of X has been constructed
with right continuous paths, left limits, so that X is strong Markov. Following
current usage, we call X a Lévy process.

Notations and terminology belonging to the general theory of Markov
processes will, for the most part, follow those of Blumenthal and Getoor [3].
In particular, E* and P* will denote expectation and probability for the
process starting at x; if x = 0, the superscript will be omitted. The notation
of - - - } will stand for the sigma field generated by whatever appears between
the braces. Special sigma fields used throughout will be 9?,0 = o{X,,s < 1}, g0
= V& and 5, § which are the usual completions of g2, 5% in the general
theory; see [3]. As usual, notations X,, X(¢); %,, F(s); and so forth will be used
interchangeably according to typographical convenience.

Let P(x,dy) be the transition functions of the Lévy process X. If p,(dy)
denotes the P distribution of X, then P(x,dy) = p (dy — x). If fi,(dy) is the
PO distribution of —X,, then the transition functions B(x,dy) = ji,(dy — x) are
in duality with those of X in the sense that (Pf,g) = {f, Bg). Expectation
and probability on Q corresponding to 2(x, dy) will be denoted by £, P*. In
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using duality we will always work with the canonical (i.e. function space)
representation of the processes involved; in this case both the original process
and its dual X are just coordinate maps on @, so X,(w) = X,(«w).

A random time R is a nonnegative function on the basic probability space,
measurable with respect to 4. Often R will be defined only on part of the
probability space; the definition can be completed by putting R = oo on the
remaining part of the space. However, the random variables X(R) will be
considered only on {w: R(w) is defined and finite}. The process (X (R + 1),¢
> 0} will be called the post-R process. Several sigma fields involving random
times arise frequently. The definitions to follow are for any right continuous
Markov process relative to right continuous, complete sigma fields %,. The
strict past of R, denoted by F(R -) is defined by

(2.2) FR-)=0{AN{R>1:1>04 € F).

It is easy to see that for random times R € T

23)(a)9(R-) c (T -)if R € 9(T -).

(b) F{(R + 1) =}, t > 0 is an increasing family of sigma fields.

(c) R is (R —)-measurable.

(d) If the paths of X have left limits, X(R —) is $(R —) measurable, where
X(R -) is defined only on {0 < R < 0}.

The second sigma field associated with R is

(24) $(R) ={4 € % for all ¢ > 0, there exists A, € %, such that 4
N {R <t} = 4, N {R < #}}. This sigma field was introduced in [15]. It is
easy to check that

25 @ IR T %R) CHT).

(b) If R, R, F(R) = NF(R,); in particular, {F(R + 1),t > 0} is right
continuous.

(c) X(R) is §(R)-measurable if and only if, for every ¢, X(R) is equal on
{R < 1} to some F-measurable random variable.

Finally, it will often be necessary to discuss the sigma fields

R, =0{X(R+s5)—X(R),s <t} and Ry, = ‘90%,.

Because of conventions introduced before, such sigma fields consist of
subsets of {w: R is defined and finite}.

The remainder of this section summarizes several facts about the local
minima of a Lévy process that will be needed in §§3 and 4. Let

(26) L= X,

Since X has only moving discontinuities, J, = inf, ., X; a.s. Recall that 0 is
regular for a set 4 if P(T, = 0} = 1, where T, = inf{t > 0: X, € A}. For the
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Lévy processes considered here, 0 is regular for at least one of the intervals
(-00,0), (0, 00) and often is regular for both. The precise criteria for which
this holds can be found in Rogozin [20].

ProposITION 2.1. (a) If t > 0, P{I, = X,} > 0 if and only if 0 is not regular
for (0, ).

(b) P(I, = 0} > 0 if and only if O is not regular for (—0,0).

In particular, if 0 is regular for b-th (—0,0) and (0, o), then the minimum of
X on [0,1] falls in the interior of the interval.

ProoF. By duality,
P{L=X}=P{X,<0,alls <} >0

if 0 is not regular for (0, o) &:d this proves (a). Part (b) is obvious.

A real right continuous funccion f on [a, b] having left limits will be said to
attain its minimum at a point M € [a, b] if either f(M ) = inf{ f(¢): ¢t € [a, b]}
or f(M =) = inf{ f(1): t € [a,b]}.

PROPOSITION 2.2. On each interval (a,b), almost every path of X attains its
minimum at exactly one point of [a, b].

Proor. The closures of the sets
A ={tx) X =x<X,s <1
and

A, ={tx): X, =x< X,,s < 1}

coincide a.s. with the closed ranges of two 2-dimensional subordinators T, 7
respectively. These two subordinators are the same when X is not compound
Poisson (Fristedt [6, Theorem 9.1 and Corollary 9.2]), whereupon the proposi-
tion is evident.

Let

(2.7) M, be the unique point of [J, 7] where X assumes its minimum value.

Then the next proposition is easy.

PROPOSITION 2.3. Suppose that neither X nor —X is a subordinator. Then
PlO< M 13>0.

The definitive version of the next proposition appears in §3.

PROPOSITION 2.4. (a) If 0 is regular for (0, o), then X(M,) = 1I,.
(b) If 0 is regular for (—o0,0) then X(M, =) = I,.

REMARK. Of course, if 0 is regular for (0, ) and for (—o0,0) then X is
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continuous at M,. The question whether X (M,) = X(M, —) is possible in the
case where (say) O is regular for (—o0,0) but not (0, ) will be answered
(negatively) in §3.

PrOOF. Suppose that 0 is regular for (—o0,0). If X(M, =) > X(M,) on part
of {0 < M, < ¢}, then the minimum on [0,] occurs at a time at which X
jumps. But by the strong Markov property applied to jump times and the
assumed regularity of 0 for (—o0,0), the process upon completing any jump
immediately goes below the point to which it just jumped. It follows in this
case that it is impossible that X(M, —) > X(M,) on {0 < M, < ¢} proving (b).
Next suppose 0 is regular for (0, o0). Let

={w: 0 < M, < £,X(M -) < X(M)),
{ = {0: 0 < M, < 6,X(M ) > X(M)).

If ¢ is Lebesgue measure, then an extension (Walsh [21]) of the basic duality
relation implies that

Pt(4) = B4(A).
However if 0 is regular for (0, ©) (for X), then 0 is regular for (-0, 0) for the

dual process, so the first part of the proof forces P*(4) = 0. Hence P*{4}
= 0 for almost all x, and hence for all x by translation invariance.

3. Zero-one law at the minimum. Let X = {X,,7 > 0} again be a real Lévy
process and let S = § A be a random variable independent of X such that
PS> =eMA>0) If lim_ X = +oo, then A = 0 will also be al-
lowed in the arguments to follow. Let X A= {X, ,t > 0} be defined by

A
3.0) X =X,1<S,
= oo,t 2 S,
and define I* = I by
(3.2) " = inf xp.

Let M = M* be the unique time point at which X A attains its minimum;

either X(M) = I or X(M -) = I Let A be the usual completion of the
sigma field o{ ,$ < t} and define ¥ "(M —) in the obvious way (see (2.4)).
The first proposition shows that the post-minimum process (XXMM + 0),t

> 0} depends only on X(M —) and X(M); it will be clear that X(M —) is
involved only if P{(X (M) > X (M —),M < S} > 0 (i.e. if 0 is not regular
for (0, 00)). Recall that a subordinator is a Lévy process with nondecreasing
paths; criteria for X to be a subordinator are well known (see [7]).
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PROPOSITION 3.1. Assume that —X is not a subordinator. The process
(XXM + 1) = 1,1 > 0} is conditionally independent of F*(M ), given S*
> M:ifA € MM -), B € o X M + ) — I',t > 0), then

P{4 N B|S* > M} = P{4|s* > M} P(B|s* > M).

PROOF. Since —X is not a subordinator, P(S* > M} > 0. Let e > 0 and
define T, = inf{t > 0: |X,| > ¢}, T, = inf{t > 0: |X(t + T) = X(T)| > ¢},
n> 1 Let X,=0X,=X(T,),n> 1. By the strong Markov property,
{X,,n > 0} is a random walk; {T,,n > 0} is a sequence of independent,
identically distributed random variables; and (X;, X, ...,X,, B, ..., T,;) is
independent of o{X,,; — X,.j > 1;T;,i > n}. The right continuous process
{Y,,t > 0} defined by

=0 <%,

(33) '
=Xn' ]6+...+7;'_l<1<7a+...+1:.’

then converges as ¢ —> 0 pathwise, uniformly to {X,,7 > 0}. Define the process
{¥},t > 0} by

(3.4) P=Y ift<[+-+ T,
where N = inf(n: T, + -+- + T, > S*};
P=c ift> L+ + Ty

Then as e = 0, Y converges pathwise to X*, and uniformly for ¢ € [0,S).
Let Q be the index i for which X; is the (last) minimum of YA, let 15", i 20,
be the successive values of Y*, and 7{" the interjump times for Y. So if
A > 0, there will exist an i such that ¥ = 7;" = 00. Notice that Yé‘ is finite
with probability 1 and that as e — 0, YQ" converges to I* = inf, X}. Let 4, B,
C, D be Borel subsets of (—c0, ). Then, for example, if i 3 1

P(Y) € AT}, €B Y-} €CTH EDN>Q>i}

(3.5)
=Z P eATL By, - EeCT, EDN>Q =1}

Since C, D do not contain o0, a typical term in the summation of (3.5) may be
written

S P(Q=1Y ,€AT €BY,-Y€CT,ED,
K+ +L  KS<L+---+ T}
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A typical term in the sum (3.6) may be written
P, <Y,alm< LY, >Y0<uln-1
B7) Y, €AT ,€BL+  +T_ <SG+ +T,%,-Y
€ C,T,, € D).

Upon replacing B+ +L K S< T+ + T, by oMb+ +Ty)
— ¢~ MB+"**+%) and using the independence structure of the Y, 7, detailed at
the beginning of the proof, (3.7) becomes

E(Y< Y,m< LY € AT € BeNb+ +T))
XEY,>00<u<n-1 e MB+ e HTr) _ o~ MT+ e +T)
(3.8) Y, € C,T, € D}
=Py <Y,m<LY ,€AT_ €BT+ - +T, <S)
XP{E,>00<u<n=LEl+ -+ T, <SG+ -+ T
Y€ C,T, € D).
The result of summing (3.8) overalln > I + k is
PR<Y,m< LY ,€AT  €EBT+ - +T_<S)
X P(y} > 0,alli > 0; ¥} € C, T} € D}
=PRr e C, 3} € DI} > 0alli > 0)P(¥* > 0alli > 0}
XPE<Y,m<LY ,€AT €BL+ - +T_<S)

(3.9)

The hypothesis that —X is not a subordinator guarantees that P{ };" >0all
i > 0} > 0.If T denotes the last factor in (3.9), then the last two factors after
the equality in (3.9) may be written

?P{Y;">0,i>0;75+---+7}_,<S<75+---+7;}I‘

=S P(5>0,0<i<j;e Mo+ +T0) _ ~ATG+--+Thp
J

2. P> YILi<j+1; e M+ 4T yy) _ e-’\(77+"'+77ﬁ)}r
(3.10) ’

I
~M

PlQ=1Y ,€A4T €BL+ - +T,,

ST+ +T,)
=P{Q=I<NY) €471 € B).



374 P.W. MILLAR
Substitute the result of (3.10) into (3.9) and sum over [ > i to obtain
- P{Y}, € AT}, € BY), - Y} €ECTH, EDN>Q>i)
(3.11) =Py} € .} € DI} > 0alln > 0)
XPN>Q>iY), €41}, €B)

Since the first factor in (3.11) after the equality does not depend on i, 4, B, set
A = B = (-0, o) to see that

Py} e ¢, ;) € DI > 0,i > 0)

(3.12) N \ \
whereupon

P(Y), €ATY, € By~ Y} €CTA, EDN>Q > i)
(3.13) = P(Igy— ¥y € C, Ty, € D,N > 0}

X P(Y), € A, T}, € B,N > Q > i}.

A similar analysis gives the same result if C, D contain +00. Of course, the
same argument works if one considers instead

A A A A A
j=12...,n,N>Q},

and this shows that the pre-Q process {¥*,7 < Q) is conditionally indepen-
dent of {Y*(t + Q) — Y*(Q),t > 0}, given @ < N. A standard limiting argu-
ment as e — 0 shows {X*(r + M) — I*,t > 0} is conditionally independent
of F(M -), the conditioning involved being the elementary one of beginning
probability theory.

The next lemma is the key step in the proof of the zero-one law at the
minimum. The notation is that of Proposition 3.1.

LemMMma 3.1. Assume that —X is not a subordinator. Let § > 0 and let
M; = M,A be the time point (if any) where {)(,",s > M + 8) assumes its
minimum. Let Iy = 1," be the value of this minimum. Then {X )‘(M, +1
-X )‘(Ma),t > 0) is conditionally independent of @A(Ma -), given {S* > M
+ 8}.

An interesting corollary follows from the proof.

CoROLLARY 3.1. Conditional on M + 8 < S, the process {X "(M, +1)
-X A(Ms),t > 0} has the same distribution as (X (M + 1) = X (M),t > 0).



ZERO-ONE LAWS AND MARKOV PROCESSES 375

ProoF. For ¢ > 0, define (¥, > 0}, {¥},1 > 0}, {¥}, (%}, (£, ("} and
Q as in the proof of Proposition 3.1. Set

N@) = minfi: Ty, + -+ T > 8}, R=T+ -+ Ty,
Q(8) = the index i for which );" is the (last) minimum of
{};",t > R} (defined only on R < §).
If A, B, C, D are Borel sets as in the proof of Proposition 3.1
P(X)4)-i € 4, Tys)-i € B, Yyp)0i— Yos) € G
Toyek € D,0(3) > i,S > R)

- e AT e By e
u<ll

(3.19)

7" € D,00) = 1,Q = u,S > R}).
A typical term in the sum (3.14) can be written
S P et el -KeC

(3.15) 1>b>u
TN ED,00) =4L0=u S>T+-+T,N@G) = b).

Using the definition of N(8), a typical term in (3.15) can be written (since C,
D do not contain 0):

P>§+k P(Y,_,€EAT_EBY,;-YE€CT,E€DQ®)=,0=u

(316) Tt By SS< Gt B Ly ket > 8

> Tyt + Ty}
Finally, a typical term of (3.16) may be written, using the definitions of Q(8)
and Q: forLu,p,bwithI > i, u<Lu<b<lLp2>Il+k,

P(Y € AT €BY, - K€ CT, €D,

Tt o+ B2 8> T+ 4 B B+ + D < S
n2Em<uY, >Yulm<pY<Yy,
b<rlLYy<Y,I<r<lp}

Since ¥, > Y, the inequalities in (3.17) involving ¥, ¥, ¥, ¥, may be
replaced by

(3.17)

<76+...+7;’
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L2Y, m<u Y,>Y%, ulm<ghb,

L, >Y b<r<l Y%<%, I<r<p

As in the proof of Proposition 3.1, an application to (3.17) of the independence
properties of the (¥} and {T;} and a summation over /, u, b, p of the result yields

(3.18)

P(Y5)-i € 4, Tpis)i € B, Ys)ex € C. Thsyes € D,S > R)
(3.19) = P(Y)s)- € A, T)s)-; € B,S > R}
x P(Y3syex € G Ttsyex € DIS > R).

Here again P{S > R} > 0 since —X is not a subordinator. Extension as
before and passage to the limit as e | 0 leads to the desired conclusion.

The next lemma establishes the zero-one law in a special case and, in
addition, settles an issue remaining open from Proposition 2.4. With the
notation the same as in Proposition 3.1, define

g, = o{X M +5) - X*M*),0< s < 1},
For = :Qog‘ ’
= {w: X M) = I").
LemMA 3.2. (a) P{B|M < S} = 1 or 0 according as 0 is regular for (0, ) or
not; in particular if 0 is not regular for (0, ), X always jumps out of its ultimate

minimum.
(b) If4 € Fo4» then P{A|IS>M}=0o0r1l.

PrOOF. Let § > 0 and 4 € F, . Then with the notation of Lemma 2.1,
AN {S > M} € @(Ms -)soA N {S > My} is conditionally independent of
o{X (M; + u) — I} u> 0), given S > M + 8. Also, if

(320) Fi=olM+u)-1"0<u<d =09,
then B € 9, and so 4 N B is also conditionally independent of
o(X My + u) — I} u > 0)
given {S > M + §}. Hence, for example
(3.21) P{ABCy|S > M + 8} = P{AB|S > M + 8} P{C4|S > M + 8}

where
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(3.22) Co={X*"My+1)- R <rpi=12...,n

for a fixed sequence 0 < f; < -+ <7, and fixed real numbers 7, ..., r,. Let
810 Thenon B, X "(Ms +1) - Is" converges to X M + ) — X A(M), while
in general on M < §,

MIM*>M, RI*>D

and so in general X "(Ms +0)-X )‘(Ms) converges to a process X (M* + 1)
— I'* which, since the distributions do not change with & (see Corollary 3.1),
has the same distribution as X*(M + 1) — I. It follows from this and (3.21)
that, if P{B,S > M} is supposed positive,

P(BACy,S > M)/P(4B,S > M) = P(Cy,S > M)/P(S > M)
where M, = M when § = 0; and this in turn yields
(3.23) P(BCy,S > M)/P(B,S > M) = P(C;,S > M)/P(S > M).

The equality (3.23) persists for all C, € V & since sets of the form (3.22) with
8 = 0 generate this sigma field. But B € V%, so choosing Cy = B in
(3.22) forces P(B|S > M) = 1. Suppose now that 0 is not regular for (0, co)s
It is easy to see that P{X (M) > I} > 0. Indeed by a duality argument (see
proof of Proposition 2.4) it is enough to show that a Lévy process having 0 not
regular for (—c0,0) attains its minimum by jumping (with positive probabili-
ty), and this may be shown by an argument very similar to that of [16,
Proposition 2.1]. This being so it now follows from what has just been proved
that P{X (M) > I*|M < S} = 1. This completes the proof of part (a) of
Lemma 3.2, since if 0 is regular for (0, o), X*(M*) = I by Proposition 2.4.

Turning to part (b), assume first that 0 is regular for (0, ). By part (a),
(3:21) becomes P{AC;s|S > M + 8} = P{A|S > M + 8} P{Cs|S > M + 8}.
Let 6] 0 and this becomes P{4Cy|S > M} = P{4|S > M} P{Cy|S > M}
which persists for all C, € V,5;. The substitution of A4 for C, leads
immediately to the desired conclusion. Finally, if 0 is not regular for (0, o),
then the process always jumps out of its minimum (if it occurs before S) by
part (a). Let J;, J,, ... be an enumeration of the jump times of X. By the
strong Markov property and the Blumenthal zero-one law,

%, = ‘QOO(X(J,, +9)-X()0<s< g
is trivial, and so the result follows from

%or N (S > M) C (VE,) N (s> M),
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The next theorem, which localizes the conclusions of Lemma 3.2, is the
main result of this section:

THEOREM 3.1. Let X = {X,,t > 0} be a real Lévy process with —X not a
subordinator. Let R be a random time, let I = infoc < X,, and let M be the
point in [0, R] where this minimum is achieved. Assume that P{M < R} > 0. Let
M = Ny5e0{X(M + 1) = X(M),0 < u < £}. Then:

(a) P(X(M) = I|M < R} = 1if 0 is regular for (0, ).

(b) P{X(M) > I|M < R} = 1if 0 is not regular for (0, 0).

©@IfA em PAM <R} =0o0rl.

REMARK. By time reversal, P(X(M) = 1> X(M -)|0 < M < R} = 1if0
is regular for (0, c0) but not for (-0, 0).

PROOF. Let S*, A rational and positive, be a family of independent random
variables, independent of X, with P(S* > 1} = e~™. Then for almost every w
the set {S*(w),A > 0} is dense on [0, ). Let X*, I*, M be defined as usual.
Then in case (a),

{(X(M)<ILM<R}C LAJ{X"(M") <M< SN

- and the latter has probability zero by Lemma 3.2. Hence P{X(M) = LM
< R} = P{M < R}, proving (a). The proof of (b) is similar. As for (c), let
A € M. Then 4 € o{X(M + 5) = X(M),s < 1/n} so there exists a Borel
function f, on R®, the countable product space of the real line, and time
points {¢,,: k > 1}, £, < n”' with

A=f(XM+1,)-XM)X(M +1,)-X(M),...)
and
A = limsup f,(X(M +1,;) — X(M),...).
n—>oo
Buton S* > R > M?,
XM +1)=X(M+ )
for all sufficiently small ¢, so on s? >R>M ",
A = limsup f,(X(M* +1,)) — X(M}),...) = 4>

n—>e0
Of course 4* € ﬂ,koo{X(M" +5) = X(M),s < ) so P(4") = 0 or else
P{4*,S* > R > M*} = P{S* > R > M"}. Suppose the latter alternative

holds (otherwise consider the complement); then

P{4,S* > R> M*} = P(4",S* > R > M} = P(s* > R > M}).
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Takep # A, p > 0, A > 0, rationals. Because of the independence of S* from
R and X P{S*>R>M!'S*>R>M)>0; also, 4D {S*>R
> M} ass. Therefore,

P{4,S* > R > M"} = P{4*,S* > R > M*} >0

and by the argument just given, 4 D {S* > R > M"*} a.s. Hence if P(4Y)
> 0 for one A it is so for all other A and almost surely
AD U {S*>R>MN={M<R)

A rational
proving (c).

REMARK. It is easy to construct examples of Hunt processes such that half
the paths are continuous at the minimum and half jump out of the minimum.
Thus the “pure” behavior of Lévy processes (and those processes that can be
constructed therefrom by multiplicative and additive functionals) appears to
be rather exceptional.

4, The strong Markov property at the minimum. It turns out that, for any real
strong Markov process having a minimum the process {X(M + £),t > 0} is,
given (X(M ), X(M -)), a Markov process with transitions depending only on
X(M), X(M -). If, in addition, a zero-one law holds at M, this fact can be
strengthened to assert that the “entrance law” of this process also depends
only on X(M), X(M ) and that the evolution of {X(M + 1)t > 0} is
conditionally independent of the pre-M process, given X(M), X(M ). This
section contains the precise formulation and proof of these assertions as well
as several examples.

Unless explicitly stated otherwise, X = {X,,7 > 0} is a real right continuous
strong Markov process (2,X,,6,,%,%,, P*) with a lifetime { and transitions
P(x,dy) that map bounded Borel functions into Borel functions. Assumed, of
course, is that X is given an initial distribution p and corresponding probabil-
ity P* on the space of paths; the superscript u will be omitted throughout. For
simplicity assume also throughout that M, the time of the (last) minimum
satisfies P{M < {} = 1. If 0 < P{M < ¢} < 1, one can obtain analogous
results by conditioning on {M < {}.

Define
M =sup{r: X, < X,, all s < 1},
M, =suplr < £: X, < X,,alls <7},
4.1 I = infX,

K(axf) = EX{fX)t<T}) T,=inft>0:X <a}
H(a; x,dy) = K,(a; x,dy)h, () /h,(x),  h,(x) = PX{T, = oo}.

Notice that
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EX(f(X) T, = o} = EX{(f(X,),T, > 1,T, » §, = o0}
(42) = EX{(fX)h,(X). T, >0
= K,(a; x,fh,).
Assume k (x) > 0 if x >"a. Let M,, a discretization of M, be defined by
M=KR™"ifk-12T"< M k27",
(43) " | |
=0if M =0.

The first lemma establishes the Markovxan character of thc post M, proc&cs,
conditiona! on I.

LemMA 4.1. Let X = {X,,t > 0} be a real standard Markov process. Then for
bounded Borel fandt > s 2 0: ,

E{f(X(M, + 0)|5(M, + 9)} = H,_,(I; xw +3).f).

© PROOF. The proof is a variant of the calculation of [15, p. 304]. Let
AEFM, +s), B,={k2T"<M<(+1)2™"),
Cns) =M, +s < (k+1)27" + s} € F(M, + 3).

By the definition of the sigma field F(M, + s), there exists
A EF(k+127" +3)
with o
, AN C(ns) = A4 n C(n,s)
sod N B, = A’ N B,.But then

@) [ SO0 +0) = [ T+ 3 [, SOKCe+ 127+ 9)
where
J 13, JE@ + 127+ )
= E{f(X((k + 1)27" + 1))4’, ‘
(4.5) Tr) © Ohar < 277 Tzgea) © Ogr1» = 0}
= E{(f((k + 127" + DA, Ty © fp-0 < 27",
G+ ° Ok+1p2-n > 5 Tran) © Opsryznas = oo}

with Z(k) = inf(X;: s < k27"}.
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Condition the last expression in (4.5) on F((k + 1)27" + s) and use (4.2) to
obtain ‘

E{A', Ty © O < 27, Tz +1) © Ogv1p > 5,
K_y(Z(k + 1),X((k + 127" + 5),f © hzgyy))

“.6)

Multiply and divide K,_, in (4.6) by Ry (X ((k + 1)27" + 5)) (which has
been assumed positive) and simplify, to see that (4.6) is equal to

E{A', Ty © Oan <277, Tzgest) © Operaypn > 5 Tesrpamnss =
H_ (@0 + 1,X(K + D27 + 9.1))
= E{AB H_,(LX((k + 127" + 5).f)}.

Sum on k to complete the proof. The proof, of course, made use of the Markov
property in the form [3, 1.8.16).

Lemma 4.1 may be extended to the case where s is a stopping time relative
to the family {$(M,, + s),s > 0}.

LEMMA 4.2. Let X = {X,,t > 0} be a real standard Markov process, and let T
be a stopping time relative to the family {8,,s > 0}, where 8, = (M, + s). Then
Jor bounded Borel f and t > 0:

E{(f(X(M, + T + 0)|8;} = H(I; X(M, + T),f).

ProoF. Once (4.7) and (4.8) below are established, the proof is essentially
the same as that of Lemma 4.1: one conditions on F(T”) instead of
F((k + 1)/2" + s) and uses the strong Markov property at T".

(4.7) If T is a stopping time relative to §,, then for fixed k, there exists a
stopping time T' for {%,,s > 0} such that (k+ 127"+ T =T on {M,
= (k+1)27"}.

(4.8)If A € 8rand kis fixed, let T" be the stopping time of (4.7). Then there
exists a set A’ € F(T’) such that 4’ N (M, = (k+ 127"} =4 N {M,
= (k + 1)27"}.

To prove (4.7) consider first the case of a stopping time T having only a
countable number of values < r, < ---. Then T'is a stopping time relative
to {3(M, + 5).j > 1}, whence {T = r} € $(M, + 5). This last is equivalent
to the assertion that, for each %,

{T=r){M,+5=r+k+127") = 4{M, = (k + 127"} for each

where 4; € F((k + 127" + 5). The sets A, A,,... are disjoint on (M,
= (k + 1)27"}, but possibly not on @ so define 4] = 4,, 4y = A, — A;, 43
= Ay — (4, U 4,) and so forth. Set 7" = r. + (k + 1)27" on 4. Then T" is



382 P. W. MILLAR

a stopping time relative to ((k + 1)2™" + ) and so relative t¢ , and
T"=T+(k+12"on{M,=(k+127"}. If T is a general {F(M, + 5),s
> 0} stopping time, define T, = (j + 1)2™ on (27" < T < (j + 1)27™"}
so that 7,, | T. For k fixed, let T, be the F, stopping time corresponding to T,
as in the first part of the proof. Set T’ = limsup T,,, again an &, stopping time.
Since T, = T, on{M, = (k + 1)27"}, T = T’ on this set as well. Notice that
the T, can be constructed so that T, | T'; for, {T,,} does decrease on
{M, = (k + 127"}, and if it does not decrease on {, replace by, Tj,
T\ ATj...

To check (4.8), assume first that T is countable valued as in the proof of
(4.7), and let T’ be the stopping time constructed in (4.7) corresponding to T.
Since 4 € 85, 4 N {T = 5} € F(M, + 5) which means

AN(T=r}n{M+5=(K+127"+r} =AM, = (k+ 127"}
where
F((k + D27 +5) = AT = 5+ (k + D27")}{M, = (k + )27}

where 4 € F((k+ 127"+ ) 4; C{T" =5+ (k + 1)27"}. The set A’
= U4; i 1s then in (T”). For general T, take T J T as in the proof of (4.7)
and let T’ be the F, stopping times of (4.7) correspondmg to T,, so chosen
that T, l T.If A E 8r, then A € §(T;,) and so by what has just been
proved, there exists 4; € F(T;) such that 4 = 4; on {M, = (k + 1)27"}. Set
A’ =limsup4; € F T’) to complete the proof.

LEMMA 4.3. The mappings t = H,(I; X(M + 1),f) are right continuous on
(0, ) for each s > 0 and each continuous bounded f.

ProoF. Since M, | M, it suffices to show that 1 = H,(I; X(M, + 1),f) is
right continuous. Moreover, since the process ¥, = H,(I; M, + t,f) is well
measurable relative to the right continuous complete sigma fields

8, = (M, + s),

it is enough (see [12], [13]) to check that for all 8, stopping times T,,, T with
T,|T:

lim EYT = EYr.

m-x

But by Lemma 4.2,
”31_13010 EY, = "}gr:o E{(f(X(M, + T, +9))}

= E{f(X(M,+ T+5s))} = EY;.. -
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The next proposition indicates that, given I, the post-minimum process is
Markov with transitions H,(/; x, dy). It should be compared with Theorem 5.1
of Meyer, Smythe and Walsh [15] for coterminal times.

PROPOSITION 4.1. Let {X,,1 > O} be a real right continuous strong process.
Then the post-minimum process {X (M + {),t > 0} satisfies

E{(f(X(M + 0))|F(M + 9} = H_ (XM +3).f), 0<s<u

ProoF. A well-known fact, first discovered by Blackwell and Dubins [1],
asserts that if {¥,,n > 0} is a bounded sequence of random variables
converging a.s. to Y, and if {%,,n > 0} is a decreasing family of sigma fields,
then

4.9) Jim E{Y,|5,) = E{¥| N G} as.

Since (M, + s) | (M + s), it is then immediate from (4.9) and Lemma 4.3
that

E(f(X(M + )IF(M + 5)} = lim E{f(X(M, + 1))|F(M, + )}
= nli)r?o H_/(I;X(M, +5).f)
=H_(LXM+5s),f), 0<s<t

If, for example, a zero-one law holds at M, then Proposition 4.1 can be
strengthened.

PROPOSITION 4.2. Let {X,,t > 0} be a real strong Markov process satisfying
PM < ¢} =1and '

(4.10) ,Qoo{X (M +s),s < 1} = o{X(M),I} as. (P)

Let Q,(s,dy) be a regular conditional distribution of P{X(M + s) € dy|(I,
XM))=x}. If 0 =15, <85 < -+ <, and if f is a bounded real Borel
function of k variables, then

E(fX(M +5)),....X(M +5,))|F (M)}
(4.11) = ff(xl, e ) H g (Ix_ydxy) e Hyy (I %0, dxy)

Hy,_ (I; x;,dxy) O, (1, X(M)),dx,) a.s.

REMARK. P{M < ¢} = 1 can be replaced by P{M < {} > 0 at the price of
further conditioning. The result should be compared to that of Pittenger and
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Shih [19] for coterminal times; here the post-M proces ' as transition
funttions that depend on w.
ProoF. By Proposition 4.1 and a martingale convergence theorem,

E(S(X(M + D))} = limy E(SK(M + D)ISM + 5))
= lim H_(LX(M + 3).1).

By (4.10), this last limit belongs to a{X (M), I} (modulo P null sets), implying
that

(4.12)  E{f(X(M +1)|5(M)} = E{(f(X(M + 1))|X(M),I} as.
This being so, it follows for example that
E{g(X(M + 5))f/(X(M + 1))|F(M)}
= E{g(X(M + ))E{f(X(M + ))IF(M + 5)}|F(M)}
= E{g(X(M + 9))H,_, (I, X(M + 5).f)|F(M)}

= f g(x)f(») H,_;(I; x,dy)Q((I, X (M), dx).

Extension in the usual manner completes the proof.
The next three propositions provide examples of processes satisfying the
hypotheses of Proposition 4.2.

PRrOPOSITION 4.3. Let {X,,t > 0} be a real strong Markov process with right
continuous paths and left limits such that P(M < ¢} =1 and P{X(M)
# X(M =)} = 1. Then (4.11) holds with Q,(I1, X(M)).f) = H,(I; X(M),f).

REMARK. Of course, if I = X(M) (see §3 for examples of this), then there
is no dependence on X(M —). In general, however, the dependence on
X(M -) cannot be omitted.

PROOF. LetJ;, J;, ... be an enumeration of the jumps of {X,}, so M occurs
at one of the J. If 4 € N50{X(J, + 1),# < s}, then 4 = A’ o §; for some
A’ € %, so by the right continuity of the fields and the strong Markov
property

I, = E(1,15(})} = P¥W{a).

Hence, if A € N5o0{X(M + 1),t < 5}, then 4 = f(X(,)) on {M = J,} so
(4.10) holds.
It remains only to check that Q has the stated form. If

Z(t) = min{X (1), X (t =)},

then
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Ef(X(M + 5))g(X(M), X (M -))
=3 Ef(XU, + 9)g(X (). X, )M = J,).
The nth term in this sum is
E{f(X(, + 9))gX U)X, =) X, > Z(,),u < J,;
X, >ZU)L<u< L +s X, 00 ,.>Z()u>0}

Apply the strong Markov property at the time J, + s and reduce the resulting
expression as in the proof of Lemma 4.1 to obtain as an expression for the nth
term

E{g(X(), X(h, -NIM = LY H (I, X (J,).f)}.

Sum on n to complete the proof.

In preparation for the next proposition, define a killed Lévy process to be
any strong Markov process {y,,¢ > 0} for which there exists a Lévy process
{X,} and a random time R such that

=X, t<R,
= A, t 2 R

Here we include the possibility that R depends on quantities independent of
{X,). Killed Lévy processes include, for example, all processes that are
transformations of some Lévy process via a multiplicative functional (see 3,
Chapter III]). There is the evident version of the next proposition for processes
that are time changes of a Lévy process; we spare the reader the details.

PROPOSITION 4.4. Let X = {X,,t > 0} be a killed Lévy process, P(M < ¢}
= 1. Then (4.11) holds.

PROOF. According to the results of §3,the sigma field

sQoO{X(M +1)-X(M),t <s}

is trivial, and this implies (4.10).
The final proposition contains results of Jacobsen [11] and Williams [22],
who treated regular diffusions by other methods.

PROPOSITION 4.5. Let X = {X,,t > 0} be a standard real Markov process,
P{M < §} = |, satisfying

(4.13) PXO K X@t-)allt<¢Y= 1
Then (4.11) holds.
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ProoF. By the results of Blackwell and Dubins mentioned in the proof of
Proposition 4.1, and by Proposition 4.1

E{f(X(M + 1))|F(M)} = lim E{f(X(M + 1 + 5))I5(M + 5)}
= lim H(LX(M + ).f).

However, by (4.13), X upon leaving its minimum passes through every point
in an interval [X(M ), X(M) + €] provided e is small (how small depends on
w). Since limo H,(I; X (M + 5),f) exists, lim y(ur), x> x () Hi (I3 %, ) exists so
the limit in question can depend only on I, X(M). The proof can now be
completed in exactly the same way as Proposition 4.2. Alternatively it is not
difficult to deduce (4.10) from the observations just made.

One concluding remark: if X should leave its minimum in several “ways”
(e.g., some paths jump out, others leave continuously), and if, conditional on
the manner of leaving, a zero-one law holds then a variant of Proposition 4.2
holds, conditional on the manner of leaving.

5. Zero-one laws and last exit times. The main results of this section give the
precise criteria for a Lévy process to admit zero-one laws at the last leaving of
an interval. Connections between the post-minimum process and the process
after last leaving an interval were discussed in §1. As in the case of the
minimum, the analysis is closely connected with the study of how the paths
behave at the random time of interest. Some of the techniques of §3 will
therefore the relevant in the present situation; indeed, use of the minima of
various processes turns out to be a convenient tool.

Another ingredient of the solution is the concept isolated in [16): a real Lévy
process admits continuous passages upward if

(5.1) P{X(T;) = X(T, =)} > 0 for some x > 0

where
T, = inf{r > 0: X, > x}.

This definition is interesting, of course, only when the process hits points; i.e.,
(5.2) P{H, < o0} > 0 for some (hence all [9]) x
where

H, = inf{t > 0: X, = x}.

The criteria for a process to hit points are due to Kesten [9]; see also [4]. It
was shown in [16] that if (5.1) holds for one x > 0, then it holds for all x > 0.
The notion of continuous passages downward has the obvious formulation.
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According to [16], the only processes with continuous passages both upward
and downward are those with Gaussian components. If a process (which hits
points) admits continuous passages in neither direction, then it is easy to see
that such a process jumps upward and downward over a point infinitely often
just before hitting it (see [16, Theorem 1.1]). Define

AF =470 = {w: X(H, — s) > x, some s < ;ll-},
(5.3)
4

X

=4, (x) = {w: X(H, —s) < x, some s < 'l'}

If X has neither continuous passages upwards or downwards, then

(5.4) P(nA;) = P(nA;) = P{H, < oo}.

n n
On the other hand, if X has a Gaussian component, N, 4} and N,A, are
disjoint with

N N A

(5.5) P(N47) +P(N4;) = P(H, < ).
Finally, if X has continuous passages upward but not downward, then
(5.6) N 4; is empty and P { rnm;} = P{H, < ).

With these facts at hand, we can now describe the sample function behavior
of a process as it last leaves the interval (—oo,qa]. Let

L, ,=sups <t X <a}
(5.7) al S
= 0 if the set above is empty.

PROPOSITION 5.1. Let X = {X,,t > 0} be a real Lévy process such that neither
X nor — X is a subordinator. Then

P{X(La,x) = X(La,( —)’0 < La‘, < t} >0

if and only if X admits continuous passages upward.

REMARK. The hypothesis that neither X nor —X be a subordinator guaran-
tees P{0 < L, < 1} > 0 for all a, . The last exit of a subordinator from
(— 0, a] corresponds to its first entrance into [a, c0) and the latter phenomenon
being well understood (see [9, §6] or [6]), the analogue of Proposition 5.1 for
these cases is easy and uninteresting.
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The proof of the proposition is based on the principle that a process leaves
a set for the last time “in the same way” that the dual process hits that set for

the first time.
Proor. If X does not hit pomts, then P{X or X, — equals a for some

t > 0} = 0; therefore in this case P(X(L,,) = X(L,,-) =a,0< L,, < 1}
= 0 and the issue is settled. So, suppose that X hxts points. Let x? be the
process derived from X by exponential killing at S* as in Proposition 3.1. If
UMNx,4) = fe™ B(x,A)dtis the usual A-potential measure, then since X hits
points, U*(x, -) has a density u*(x,y) = u*(y — x) which is continuous and
strictly positive on (—eo, c0) (Bretagnolle [4]). Let Y = {¥,# > 0} be X A
reversed from its lifetime S*:

YO) =X "S*-4) o<r<S

According to the theory of Nagasawa [18] (see also [14]), Y has transition
functions

(5.8) B x, ) (0,9) /u* (0, )

where B (x, dy) =N P(x, dy) are the transition functions of the process XA
dual to X Set h(y) = u(0,y), so Y is a Doob h-path transform of X*.
- According to a basic relation relating the h-transform of a process to the
original process due to Doob [5] (see also [10])

(5.9) EM (4,0 < ) = EM I (X)) /h(X,)

where E™* denotes expectation relative to the usual measures in general
Markov theory corresponding to the transitions P"(x, dy), E"" is expectation
corresponding to the transitions (5.8), the X;’s are the coordmate maps in the
usual function space representation and A is a set in ‘3"0 Choose A4

= {w: X(T) = X(T, -), T, < {} where T, = inf{t > 0: X, E( 0,a]}. By
results of [16] summarized in the beginning of this section, if X has no
continuous downward passages (as. relative to {#*})), then for each ¢
EM I W(X,)/h(X,) = 0,x > a. Therefore by (5.9) if %, =inf(s >0: ¥,
€ (-o,al},

PY(L) =Y(Z-)o0< <SS =0.

But if L} = sup{r: X} < g}, then Y(£, -) = X*(L}) and Y(£)) = X (L2 -)
50
PNy = xMh o< A< sty =

That is, if L" is the time of the last exit from (—o0,a] before S, then
P{X (LA) =X (L* -),0<L LA < §*} = 0. A localization argument similar to
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that of Theorem 3.1 effects the replacement of the S* by the fixed times ¢,
settling the issue under the assumption that X has no continuous upward
passages. If, finally, X does have continuous upwards passages an entirely
similar argument, which, however, also uses the fact that A is strictly positive
everywhere, again leads to the desired conclusion.

Proposition 5.1 opens the way to a zero-one law at the last leaving of a half-
_ line. The notation is that of Proposition 5.1 and, as before, discussion of the
subordinator case will be omitted because of its relative triviality.

PROPOSITION 5.2. Let X = {X,,t > 0} be a real process with stationary
independent increments such that neither X nor —X is a subordinator. Suppose
that either '

(5.10) X does not admit continuous passages upward or

(5.11) X has no upward jumps.

Let &, = o{X(L,, +u) = X(L,,),u < s}, 8oy = Ny>oL,. If 4 € £y, then
P{A|0 < L,, < 1} = 0or 1. If (5.10) and (5.11) fail, then the zero-one property
Jails.

REMARK. In case (5.11) or (5.10) fails, an argument similar to the one in the
coming proof shows that if 4 € £, then

P{4|0 < L, < t,X(La,,) = X(La', -)}=0orl
and
P{4l0 < L, < t,X(La,,) 7~ X(La,, -)}=0orl

The sets on which the conditioning is made both have positive probability in
this case.

ProoF. If (5.10) holds, then on {0 < L,, < 1} the process always jumps out
of (—e0,a] at L, ,. Hence in this case the zero-one law follows from the strong
Markov property at the jump times and the Blumenthal zero-one law. For the
case where there are no upward jumps, the process satisfies '

(5.12) X(L,) = XLy, -) = a

ontheset {0 <L, < t}. Let X A be the usual exponentially killed process,
and L] the last time if any that it is below a. Let M, be the time at which
x2),s > Lﬁ + ¢} attains its minimum. An analysis similar to that of Lemma
3.1 shows that {X A(Me + 1) = X(M,),t > 0} is independent of F(M, —). By
Proposition 5.1, X leaves (—o0,a] for the last time continuously, so as
e—0, X"(Me +1)— X"(Lz + ) on{0< Lf,‘ < S*). An argument like that
of Lemma 3.2(b) shows thatif 4 € M5 y0{X }‘(Lﬁ +s5)—X (Lﬁ),s < 1}, then
P{4]0 < L) < §*} = 0 or 1. The argument of Theorem 3.1 replaces the st
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by fixed times, completing the proof under the assumption that either (5.10) or
(5.11) holds. Finally, suppose both (5.10) and (5.11) fail. Then the dual process
has continuous passages downward and has downward jumps as well.
Proposition 2.1 of [16] shows that the dual process (killed at S*) on first
passing below level a will hit that level with a positive probability and will also
jump over that level with positive probability. A time r:versal liké that of
Proposition 5.1 shows that as a consequence 0 < P{X "(LA) = X(L" -),0
< L" <sM<Plo< L" < S}, and it is easy to complete the proof of the
converse from here.
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